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SIMULATION OF EDGE EFFECTS IN ELECTROANALYTICAL EXPERIMENTS
BY ORTHOGOMAL COLLOCATION. PART X. ‘THEORY FOR
CYCLIC VOLTAMMETRY

8, Speiser and Stanley Pons*

Department of Chemistry
University of Alberta
Edmonton, Alberta, Canada
T6G 2G2

INTRODUCTION

We have shown (1,2) that orthoqonal collocation is suitable
not only for the solution of linear diffusion problems but also
for simulation of two-dimenslonal models. Thus, it is possible
to simulate edge effects on electroanalytical experiments using
this fast and flexible numerical technique.

Cyclic voltammetry is one of the most commonly used
electroanalytical methods and it might be of conaiderable
intevrest to calculate the effects caused by edge diffusion on the
i/E-curves. Lines and Parker (3) have observed an increase of
M:p when using microelectrodes and attributed this to edge
effects, a conclusion which was confirmed by theoretical
calculations by Heinze (4). Spefser and Rieker (S5) found
dramatic changes in cyclic voltammograms of 2,6-Di-tert butyl-
414-dimethylaminophenyl}-phenocl I in unbutfered, neutral

acetonitrile when decreasing the electrode ares from 0.29 cwl to

© 0.0022 cm2, These experiments have also been explained in terms

'of edge diffusion, Up to now, however, it was not possible to
sjmulate-the complex mechanism describing the oxidation of I

under the conditions of a finite circular disc electrode.

(“3\N
C“"

This paper expands the theory of two-dimensional orthogonal
collocation to cyclic voltammetry and mechanisms as complez as
the oxidation of I, Tt will only deal with the mathematics of
the method, while a complete nuwerical analysis showing the

usefulneas of the derived equations will be given in part 4.
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This partition has been used because the analysis (which has to

be done to validate the new two-dimensional collocation wethod)

requires the discussion of many parameters, We point out,

that this has to be done only once, while extension to
Alsa, cesearch on a

nowever,
acre complicated msechanisas is obvious.
comparison of the experimental results with 1 and numerical

simulations is under way.
INITIAL AND BOUNDARY CONDITIONS

The initial and boundary conditions have been given by

Nicholson and Shain (6) and used by Speiser and Rieker (7) in the

context of orthagonal collocation for linear diffusion. Pons (8)

simulated cyclic voltammograms under spherical diffusion

conditions using orthogonal collocation.

For simulation of edge eftects w eaploy our two-dimensional

model of a tinite, circular electrode of radius rg imbedded into

an insulator body (1). The radius of the 1lnsulator may 4o to

infinity,
We assume an EC mechanisa;

A %‘B - Y
g3—» C A o

where the diftusion controlicd electron trunsfer is Jescribed by

the formal potential, E*, and the aumber of transterred

electrons, n. The chemicel step (2) proceeds with a rate

constant k.

Fick's second law tor the substrote A takes the turm

o0& e A 9ca e
3T » D = #-r——r—q }_;3& ¢ 3
~ —
Ve
!
'.
— - -

where t 1S tim: and x and r are the distance coordinate
perpendicular to the elactrode and the radisl coordinate
respectively., The total ditfusion is wxpressed os

superimposition of a linear and a cylindrical term.

Por species B and C equations (4) and ({5) hold:

g [y 42 Vg,
ol et sl o

9 [ A ¢ 2% ]
et 1~ b= AT

Por convenience the diffusion coefficient of all species is set

egual to D.
We assume that A is the only species preseant in the solution
at the beginning of the experiment, its concentration being c}.

Thus, the initial conditions are

t=0, x3»0,730:
G (o) G ¢ 6

g ixr.0) =¢elar0)=0

At & distance tar fram the electrode no concentration changes

take place during the experiment., This yields the boundary

conditions at x » e and 1 ¢ e

150, x~©,r30: ¢, (st} 7
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cy(ome,t)e Co (0,0, t)= 0 .
4%0,x%0,r~ot:

G (xwt)—~—e (10)

glnwt) = C(xo,t) =0 (an

At the electrode surface the concentrations of A and B are given

by (12) and (13), while (14) holds for species C:

(a(A klO ( )lto (2
%:'::—3' o[ (-6 = G S2(0 (n

?
(_.)“ 0 aa
N Y0

Pquation {13) reflccts the speclal features of cyclic voltammetry
if

tre,¥z0,08rsr,:

94};’ p [%:‘(E’-E“)] (s
and
p2m-1jaty-at] for Am-4)t, et SQm-2)t,
‘A“‘: m342,... (6

telat-2emat,]  foo Qe gt s 2m by

—— ———

Hiere F, R and T have their usual meaning, Egrart 18 the starting
potential of *he scan, t the t' ¢ when the scan is reversed, m
the number of the present scan. A cycle consists of two scans.

Finally a is given by

of
a — Y
Bk /Y an

where v {s the scan rate, dE/dt.

There is no redox ceaction at the insulator and hence no
flux through this surface. Thus

tyo ,us0 ,*m%

(TR WY WE L

At r = 0 there nust be no flux in r-direction because our model
10,830 Jreo!

)' bc. ( 0 .

It is convenient [1] to divide the space in the r-direction into

is symmetric around ¢ = 0:

two parts, inaide and outside of r,. The concentration may be

described by cy and cy, respectively., The two concentration




functions have to fulfill the conditions (20) and (21) at ¢ = ry

for all species.
t%0,x30, 7=,
Calngo,£) =0, (a0, ) (200

. ?
T T

TRANSFORMATION TO A DIMENSLOHLESS PROBLEM

Equat-.ons {3)-(22) are transformed into a dimensionless

problea by
X= ’/L (22)
(S LY (5 (23)
RN Qo
& 3
kD * el 125)
ALK !
¢ L 126) N
C:‘ =€qa Iy (2n
‘e.;'(u/‘: (28)
§
~
(. -
{
A e

D e

7
Rxv/e, for 020 20, (290)
Ra(r-0)/(M-#,) for t3 ¥, (295)
T'zat (0
o= AD/et (31)

Here X is a dimensionless distance perpendiculsar to the
electrode, L is a distance from the electrode defined such that
diffusion effects are neqligible at all tises the c* are
dimensionless concentrations, R and R' are disensionless
coordinates in r-direction for the inner and outer functions
respectively, while M is defined as L except it is a radial
distance from the center of th electrode. The symbols T and e
denote the dimensionless simulation time and rate constant
respectively.

Thus, we get the dimensionless differential equations:

LA P T R AR 173
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9@‘4 a‘(i‘ ﬁ' b3 ' 9‘(,’
—— — i —: - L
T I 'R an’ﬁ S ™ G (30




PR S
#&.P-_XT'-R_ _i!"‘ ?’.\S.S raeg, Y]
25 B WA g, e
PR T 5o
"" ¥ A 9ch e 3G

/;Jx‘ r—‘tl"'n 3—%' ﬁ%-ut:, 136
M 0 T
%, Sl s o te
o 1 oxv Wﬂ"l 3;-1' ol ‘“nn:.', on
wvhere 5 is given by

P it (38

8' contsins only experimental parameters

ﬁ")/&“,‘ (39

and

/&': D/O-(N’f;)z 140)

A in the case of the chronoampecrometric simulations (1] wo have

Mg B s

two disensionless paraweters, here 5 and §°. The parameter §* is

given by experimental paraseters and thus the sisulations will

depend on 8' as e.g. on s.

The transformed initial and boundary .onditions are given

by

T20,05X64,0 sREA OSN A’ &% (Ro)=cs, (K¥0)= 4
(R0} = (X0} «
2 (xR0 ¢, (xx0)=0
T)0,%=4,0 $R84;
SACY R gy
g lanT)=cg, (4R T)=0
! a4, OSRSA
T'0,X=4,0 A =4
U r0e g (4, WT) =0
Ty, 08X 64, R 240

C:‘ Wlf.) =4

(g (K47 g M 4T) = 0

(2 - - (5),..

1'50,%e0, 0 S ReA:

[ S R - - - - -

41

(v

4

(48

s

(46)

e

(48)

149)




o (ORTY')

$.(7)
t:,(o,k.t') € 9&/‘ A

with
tp [2(m-a)T}-T']
S, ()= ms42,..
* ap[T-2at, ] '
where
’
Tx =0.'t)
deg
AT
(Ox )x:.g °

Tho,Xse, 0 R'ga:

G G,

T‘“, 06X6A,Reo:

(50)

(511

(52}

(53)

0 (54)
o

G‘M 1 Yo ) (g_ 158)
R II'o 3‘7'. )Il»o

1")0,0!-!54,"4(1’30): ¢ (n,r')'c‘ (x07)
{ Bt ] LY ] i ]

Qalnar)=cq, (xo,1)

(56)

(57

1n

c&nars g lne1) (se)

3<4. )k‘ F ’;;: t59)
) {-—‘ (3‘.: 160)

G- /% i‘ff/.,

APPLICATION OF TWO-DINENSIONAL COLLOCATION

As in the case of chronoasperometry [1) we have to solve e
system of second order partial differential equations (32)-(IM)
undexr the condicions (41)-{61) to get the dimensionless
concentrations of species A, B and C as functions of X, R (')
and T', We use the two-dimenaional collocation method outlined
in part 1 of this series [1] to discretise equations (32)~(37)
with respect to the grid of collocation points (X;, Ry} in the
X/R-space.

wWe have shown (1] that the ticst and second derivatives of
the concentration with respect to x and ¢ respectively at a
collocation point (X Ry} may be expressed as

",eQ

(3; ZA.‘ ‘(l"r‘,() t62)

ll" 374
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2
;,‘) Z3n e(x; r',t) (e
§2a
e A
— . (64)
( ir ),'.',. * Z Cop Uy ret)
%e el
— s . t65)
7et )x;'" 2 Z :DC,Q. el v, t)

where N, and N, are the numbers of interior collocation points
{chosen as the roots of an orthogonal polynomial {9)) in the x
and r direction respectively and Ay 4. By 40 Cy x &nd D) ) are
¢lenents of matrices. The numerical values of thosc elements
depend only on the degree and kind of the polynomial chosen for
collocation [10). Thus, Lf the matriz elements have once been
cslculated they may be used for any problem. The degree of the
polynomial used depends on the desired accuracy of the
simulation.

Using equations (62)-(65) we may discretize the partial
differentisl equations {32)-(37) in terms Of the concentrations
at the collocation points. It we introduce the boundary

conditions (43)~(48) we arrive at equations (66)-(71).

i e — — — . e e . e . . .\ = e A i < - o . e et o i e e

T s - e e S .
13
det, (1
ar m=ﬁ{3-4 DORTIB ¢ ;l.,, By, Ry T )I 166
"R

o {E‘ KU

4

A ‘l-,mfz fmu.',l,‘r)f

Ferq

deg
‘F‘-/l " [ {3.',.3’. (o1} Zu,'- CA LYY .'7.,}

,pf AT 0T B LG 1 iﬁt‘&“-’.‘ef'}‘"n‘n
l i

e

[ 2]

4‘::
F/glﬂ’[ e u("lﬂ’z i “('i"'-ﬂ}

{68)

L]

+,’ { 4,4 tl(’:,’,f)‘ Ep e g. (l. {‘l") ’Eﬁ‘" "' &1‘)}
ded
:#{IJ,I:A{’% m(o®) 1) +3-)~ 2 ‘23‘-! 2,0, l.'lt‘)} t69)

‘L‘_v.v./ . f, B (0¥, T)e Z& tml Ry T )} w
&'Q

+p { “(-(X. o,T')¢ Z .Cn(l.,& T')} —we,,

e e e e

————— .+ -
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:;f mﬁ{ 2 cam'c.mZ%e:,(x.-,l.'.ﬂ]

+f {'F“ ,(X' o) +

u..

Ql ‘4 (x:,lu ]N(:I

with
Cen * Mo Dea
E(,l = ——-—ﬁ———
L
and

! 'Il'? ' ]
Ky ran fea *Per

Primed matrix elemsents correspond to the outer
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(71)

(72)
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discretization function. As in the case of chronoamperometry we

have to substitute implicit equations for the unknown

concentrations at the boundaries. The calculations of the

el 0.7y, cluxg L0y, chixg,0,7) c}io.Ry,T') and

©3(0,R§,T') is essentially the same as for chronoamperometric

simulations and we refer to part | of this series {1} for the

derivations.

T

15
They are [1}:
Al(x' o‘[):-— {Z q,“(x.,'ll,,ﬁ + w02, 1ceqt:lll&')
G2 €2
. C..u ,m} (#)
A
S(KeT)=- ry e-zG‘ o (x.,R.n .
. 175)
& Cn..z,« (,“C.'.(X.“ R, T )}
¥ 0r)=- 4 { "6, e
Wor)=- = ¢ (x- "
Glez® e: '.:,“0.7) ’
(76
26 Goacitsrr]
C:.(x.;lr')- 00,792 —{in, s (X; Re, 7Y
z (17)
0‘ i ReT)* C c‘hﬂ.‘f
C“(l.,(f‘)sc" .,‘,T)' - {iﬂ. et (x; R T')
& ’ (78)

Mt

* 266, 20530}




412 < (i 07)=
Myra oo

(719

A [
E {Z H¢ f:‘ (l,‘;i.,T')t Z.C‘a c' a CQ.T (X;'?",T')}
A €2 c;l £

Wyd

. A . ,
aORT) =~ a.. ?2_; AL (X, R, T

Fuea
' A
SOm= = - {Anne 2 a0
4 ib'
oyea

A
ORI 2= D A GG RT)
A f:l

» A L
1) e .
atomane- 2 Fui )

with

(80)

(81)

(82}

()

- e

e o e e s =~ =

T e .

e
G (G €, ) i Cnn G 2
and
Hc = an,,.r Cc,. = C,', Ct.".vz (85)

The values of €,1(0,Ry,T') and cR}(0,Ry T') may be calculated
from equations {49) and (50}, yielding
. Oaip ST
Ru(ORy T) = - —Parn 2ulT)
A[408,,5,07]

[J (86)
Pt 2 Mitioamcnaurn]
=
and A
» e = ————————— A
C‘ﬁ (O'R‘J )' &[‘*9"“,\(",] x{ Q'.tl
v d (87)
* 451 “" [‘:' (":*!-T')* (:‘ (“.N;' ')]}

Now we may substitute (74)-(87) into equations (6§}-(71) which

gives us finally the discretized equations describing the time

& d of the tration of all three species A, B and C

at the collocation points.
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Fram (66) it €ollows using (74) (77) and (86)

Mol

Be o 9‘4.?.;‘(7') ,
ar’ /’-.'i { A [146,,5,0m] [A.,._,, Z“q[‘.‘ (¢ Re)

Pare

* (‘4(%“"1')]] ’Jt M‘*Z‘B"t CM (x 3 l':[ ')
¥

£ %
‘e [ ’-"o‘ Z[&A(cg u,uhn) I;gcc,..n.rfpcq,u,n]

‘ (88)
ALY 'zr 0 G G 0GR TY) }
where
I(,;‘ En,ﬂ,u cf « E“_ Cu,u a 89
and
}l,t N E‘-* C¢.4~ E'o“ Cq,a (90}

If we combine (67) with (75), (78) and (87), we get
w04

—#x '/5{ 4“[4"9: ’(f,] [Ac,ulq *ZA.,.[C‘,(I,}‘ )ﬂuu‘ IR ,]]
, (& ﬁ' Mave
) 1.23‘.3"1‘1‘(’ "t.' } ' E {CZ],[ z’l‘(ct‘-c’.ﬂhn) 'I“'c".i'3
Nyen

» ] [P ] » ¢
= Lo Cyppoa IR T) '¢Z,I4o.c‘r,4 &Ry ’} ~% G

L 1%
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similarly (68) gives with {76), (79) and (80)
del, /5 o
d ' - ZK,,th‘(X.,‘k“l)

M “ogm

ate
L —: E:L }".'(d« c,.." I.q]) I‘,.. C‘,“.'l-l".l.cy-,-;lc > -’l",.'.f.)
Myes

* QZI“C'“ ‘51("“,&'.1')}"“% Y
2

Por the outer function describing the concentration

species A it nolds from (69), (77), and (81)

“. Pyea
dr' /"‘ i {K”-'“ ZK.'*c”(xbw 1)}

4 » [ Q!
*g{t,,.,.*g':.ues.«.w *&ZZZL'Q.‘:»"»""’ o}

93}

Equations (70), (78), and (82) combine to give

“D E Nyea
E 4 (N Q' g
17‘7, R A ;ilk"' g (x5, % 1)
{u‘“ Myred

..Hc cp(lc Rel) 'Q’Z._Lc,"w(xl R T')} “cu

Finally (71), (79), and (83) yield

A B o
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defy) L Z
— Keoc X "
‘74 ,::i A“ = %3 Cl( ‘RIT)
s ;,.A My ed
’ ' .
-y PAAC LAY B 7"_2 Loacalre Ry } tecg,
* 2 =2 (95
where we used
‘:1.. BC'.', A"‘°‘B;"4ﬂ4‘i 198}
and
! 4 ' t
Lf,‘ = Tep, Gq +C4,4 CQM.‘Fq" 197)

Thus, the system of 6 second order partial differential
equations (32)-(37) has been converted into a sct of IN,(Np ¢
Ng') simultaneous ordinary differential equations, (88) and (91)-
(95). After integrating this set we get the concentrations of
species A, B and C at the collocation points (X;,Ry) and (X,
Ry') as a function of the simulation time T,

One of the distinctive features of the orthogonal
collocation approach can be meen from a comparison of eguations
{88) and (91)-{95). Those formulae are very similar from a
structuctal point of view, Fucthermore, cowpared to the
expressions describing the model of a chronocamperometric

experiment (1], there are only few changes in the inner

—— e v e ———
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functions, while the outer functions are the same both for the

models of cyclic voltammetry and chronoamperometry,
CALCULATION OF THE CURRENT

Also, the calculation of the current {s fully analogous to
that performed for the chronocamperometric model. Again we have
to integrate the flux over the part between 0 and fy On the r-

axis

TO
i:nrbf‘l"r@::)no dr  98)
o

Transforming the right hand side of equation (98) into a

dimensionless form we get
A
%>,
t=xFA Doy {% ‘l‘j‘ﬂ-('a'%“)x AR 991
[ *Q

or, using Nicholson and Shain‘'s current function {6}

L& l\'FA:,"J;an : 2{_%-';[1 -,L;E)X‘Fu e

The integration may be performed exactly by a Quadrature method
(11}, tor we know the derivative ( dcp/¥Xl,_ , at all collocation

points
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Nyrd
o - A
1-‘1{; §Q¢R¢ 1vg,.5,17) (avu,ear
L Nyre
»‘ZAQ‘X.('i.lc.f')“’ms,\“" ZAG L))
2 ”

where the elements of the vector Q depend only on the degree and

tiol)

kind of the trial function in r-direction.

MODEL MECHANISM FOR OXIDATION OF 1

1t has been shown [12,13) that the oxidation of 1 (denoted
45 A) may be described by an ECE-type mechanism, where protons
released after the oxidation step are picked up by unoxidized
phenol molecules giving the protonated form of I, HA*. The
latter 13 ox1dized at more positive potentials releasing two
protons during reaction. The end product of both reactions is
the stable phenoxenium cation, E, which is most probably formed
trom the neutral phenoxy radical, C, in a homogeneous redox
redction between C and the primary radical cation B {13}. The
intermediate D was not oxidized further. The observation of
changes 1n voltammograms Of I with electrode size has been
Attributed to the protonation reaction A—e HA' which causes a
phencl-tree layer in front of the electrode |5). The time after
which phenol again reaches the electrode surface is decreased if

more substrate diffuses into this layer dueto edye etfects,

.et?
a® ‘B E:DB ’ M‘ * 4

B — H®C &,
W% A —ya®

o v, !
HA® — )] '
s HASp nyra

D

A - - -

- T T T T ™ e -
2)
} ——=2u¥+C .,
B+C == A€ Ke>24 , 4 /b5 K,
-e®
C=FE 4-':’5’ A

With our two-diaensional simulation model 1t is now possible to
tnclude the eftects of & finite disc into the calculations. This
may also serve as a further exaample for the application of
orthogonal collocation to electrodnalytical problems. In this
paper we show the derivation of the expressions for dc*/dT* for
the species involved, while the compartison with experimental
results will be reported in part 4 of this series.

The kinetic diffusion equations for the above model

mechanisa 1n dimensionless form are

2 ' one
3;1‘:“/;9("‘ A3, ‘?.:c_:_‘-u.c:ﬂ. G e Coa L CIASN

O SFT AU T D
1102)
B . V3. NI L .
;1.—.'/* oM ST p TR TR L
(103)
¥ 9" ! 92 9'(
9de 1 052 A 9, s
ar xR 3&"" a‘é“‘%"a‘u'“.‘;-‘&“-‘;"
(104)
¥e, ')‘(,,;, ﬁ' <, P2
+ 2 t-a‘ ’ 4 » >l
5 TR IR P~ I »u.%o!«lt;.-daﬂ.t.,o‘ (10%)




24
3‘u.'h ’ ‘hl.b /‘ ?
i ("'" f‘ FRET
{106}
23, ’.c!': ! et _“
zi ’C" ' @ Cha
—OT'-SP ' 'R T’P R
{107
i, L0 Al gt
AL N
R FLOREY DAL WO
(108)

» ’f.l
ﬁ ‘3;“:. e cu el e
2 ‘ar ﬁﬂlr'l'.."t(h

(109)

¥ T i 3*‘—“ o 2
X ﬁ'&ﬁ'l R 0’ 7R" ‘t\l—i' cﬂl“""“'“

(110}

L
‘d! f)"a(;: ﬁf_, OQQ‘ ﬁ.a g
o 8 T g e

-+ .
WO A

{111

5
a‘-.; a ‘t.? (1 ';?' Iier 40 ’%:;7

el ey T A T A ke L
18 0 Fo% FTOMARF TS Ak bl

deam ={$ 7(..0. ﬁp 9(‘...,0,

T’ "-u-.

axt e W =LA

%:lq‘»""z AR L9,
ax' f"'ol‘lh' T W= IRt =%y (114

"n /1, ‘n ﬁ'f"' 9._(!- '9!(:

x T o et R R

where
e&i:l’-/a. , 443 (116
u;zl,t;/n. mn
and
w,= b, o/a t110q)
Y NS (124)




In addition to the initial conditions (41) and (42) we

assume
TL0,0SX 64, 0SNgA,OEN %A:
»
"‘ (“ R,O) b ":.l (xlnllo, . (:A‘o\ (‘l‘.o)’(;p] (k,ﬁ'. 0)s

B2 » T, (KW,0) = €5 (xR 0)= CZ(N,0) =0

The boundary conditions include now
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T’)O, ¥z4,0¢R 848

W (4NTD 5 2 (R Q(4MT) s (5, (4RT )= 0
e, 03 x S4R'=4:
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Now, the set of equations (102)-(115) in connection with the
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initial conditions (411, (42) and {119) and the boundary
conditions (43)-(50), (54)-(61) and (120)-(137) has to be solved.
After proceeding in the same manner as for the EC mechanisa

we arrive at
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Again, the close resemblance of all expressions say be noted.
The curcent function in this model is determined by the tluxes of

A, HA' and C to the electrode
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CONCLUSION

We showed in this paper the use of two-dimensional
collocation to spatially discretize partial diffecrential
equations describing a wodel of cyclic voltammetric experiments
under the influence of edge effects, The formal similarity of
descretized equations for even very complicated mechanisms has
been demonstrated by considering the oxidation scheme of phenol
1. This similarity simplifies the writing and testing of
computer prograss used to calculate numerical simulation
results. In fact, a change in mechaniss normally only requires
the exchangs of & few PORTRAN statements while the main body of
the program is untouched. We see this as one of the great
advantages of our method which outweighs the difficulties

ered while

ing the features and behavior of a new
type of a model, as this two-dimensional one. A thorough
discussion of the numerical results for cyclic voltammetry

simulations is given in part 4.
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